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STELLINGEN
behorende bij het proefschrift
Bad reduction of Hilbert modular varieties with parahoric level structure
van Francesca Bergamaschi
1. Consider the quadruples P1 = (P1,Q1, F1, V −11 ) and P2 = (P2,Q2, F2, V −12 )
over R = kJX,Y K/(XY ) such that in suitable W(R)-bases (η1, η2) and (e1, e2)
P1 ∶=W(R)η1 ⊕W(R)η2, P2 ∶=W(R)e1 ⊕W(R)e2
Q1 ≃ I(R)η1 ⊕ I(R)η2 +W(R)(η1 + Xˆη2),
Q2 ≃ I(R)e1 ⊕ I(R)e2 +W(R)(e1 + Yˆ e2),
F1 = (−F Xˆ 1
p −F Yˆ ) , F2 = (−F Yˆ 1p −F Xˆ) .
Then P1 and P2 are Dieudonne´ displays over R the morphism α∶P1 → P2
represented by α = ( 0 1p 0 ) in the bases (η1, η2) and (e1, e2) is universal with
respect to the deformation of a supersingular geometric point of the modular
curve Y0(p,N). [Chapter 3, Section 2]
2. Consider the quadruples P1 = (P1,Q1, F1, V −11 ) and P2 = (P2,Q2, F2, V −12 )
over R = kJZK such that in suitable W(R)-bases (η1, η2) and (e1, e2)
P1 ∶=W(R)η1 ⊕W(R)η2, P2 ∶=W(R)e1 ⊕W(R)e2
Q1 ≃W(R)η1 ⊕ I(R)η2,
Q2 ≃ I(R)e1 ⊕ I(R)e2 +W(R)(e1 + Zˆe2),
F1 = ( p 0−pF Zˆ 1) , F2 = ( p 0−F Zˆ 1) .
Then P1 and P2 are Dieudonne´ displays over R the morphism α∶P1 → P2
represented by α = ( p 00 1 ) in the bases (η1, η2) and (e1, e2) is universal with
respect to the deformation of an ordinary geometric point in Y0(p,N)µp .
[Chapter 3, Section 3]
Let k be an algebraically closed field of characteristic p > 0 and let L be a totally
real number field of degree g. Assume moreover that p is totally ramified in L, that
is pOL = pg, where p is a prime ideal in OL. Denote by Mp =M(k,OL, µN ,Γ0(p))
the Hilbert modular variety over k with Γ0(p)-level structure.
3. Let x = (A fÐ→ B) be a geometric k-point in Mp with singularity indices(j, j′), that is, such that for some integers j and j′
A[pj′] ⊆ Ker(Fr), B[pj] ⊆ Ker(Fr),
but
A[pj′+1] /⊆ Ker(Fr), B[pj+1] /⊆ Ker(Fr),
(see Chapter 5, Section 1). Then the completed ring of Mp at x isÔMp,x = k[T ]/(T g)Ja0, . . . , ag−j−1, b0, . . . , bj−1, c0, . . . , cg−j′−1, d0, . . . , dj′−1K/(dT g−j′ + aT j + adT − bc),
where
a = g−j−1∑
s=0 asT s, b = j−1∑s=0 bsT s, c = g−j
′−1∑
s=0 csT s, d = j
′−1∑
s=0 dsT s.
[Chapter 5, Section 4.2].
A stratification is a description of a moduli space as a disjoint union of locally closed
subsets. Denote by W(j,n,j′,n′) the subset of Mp whose geometric points (A fÐ→ B)
have singularity indices (j, j′) and a-numbers a(A) = j + n and a(B) = j′ + n′.
4. If non empty, the set W(j,n,j′,n′) is locally closed, non-singular and locally irre-
ducible of dimension g−j′−n′. Moreover, the W(j,n,j′,n′)’s are a stratification
of the space Mp. [Chapter 5, Theorem 5.4.2]
Let p be a prime number, totally ramified in a totally real number field L of degree
g and denote by Mg the Hilbert modular variety in characteristic p parametrizing
abelian varieties of dimension g with real multiplication by OL (as in Section 2.4),
and by Ag the Siegel modular variety of dimension g in the same characteristic. Let
pi be the forgetful functor
pi∶Mg → Ag
forgetting the real multiplication action.
5. Let Z ⊂ Ag be the union of the Ekedahl-Oort strata (1,2, . . . , g−1, g), (0,1,2, . . . , g−
2, g − 1), . . . , (0, . . . ,0,1,2, . . . , g − a − 1, g − a), . . . ,(0, . . . ,0,2,1), (0, . . . ,0,1). The Rapoport locus ofMg is contained in pi−1(Z).
6. The pre-image in M6 through pi of the Ekedahl-Oort stratum(0,0,0,0,1,1) equals to the Andreatta-Goren stratum
W(1,4) ⊂M6 .
7. The pre-image in M6 through pi of the Ekedahl-Oort stratum(0,0,1,2,3,3) equals to the Andreatta-Goren stratum
W(1,2) ⊂M6 .
8. When g = 3 Andreatta and Goren show that M3 is the disjoint union of the
strata M3 =W(0,0) ⊔W(0,1) ⊔W(0,2) ⊔W(0,3) ⊔W(1,1) ⊔W(1,2).
We have that
W(0,0) = pi−1(1,2,3), W(0,1) = pi−1(0,1,2), W(0,2) = pi−1(0,0,1),
W(0,3) ⊔W(1,2) = pi−1(0,0,0), W(1,1) = pi−1(0,1,1).
The pre-images of all other Ekedahl-Oort strata are empty.
